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Abstract
A recent proposal suggests that even if a Ginsparg-Wilson lattice
Dirac operator does not possess topological zero modes in any topologically-
nontrivial gauge backgrounds, it can reproduce correct axial anomaly for
topologically-trivial gauge configurations, provided that it is exponentially-
local, doublers-free, and has correct continuum behavior. In this paper,
we calculate the axial anomaly of this lattice Dirac operator in weak cou-
pling perturbation theory, for topologically-trivial gauge backgrounds,
and show that it recovers the topological charge density in the contin-
uum limit.
PACS numbers: 11.15.Ha, 11.30.Rd, 11.30.Fs
Recently, one of us ( TWC ) has constructed [1] a Ginsparg-Wilson Dirac
operator which is γ5-hermitian, exponentially-local, doublers-free, and has cor-
rect continuum behavior, but it does not possess topological zero modes for any
topologically-nontrivial background gauge elds. This suggests that one might
have the option to turn o the topological zero modes of a Ginsparg-Wilson
lattice Dirac operator, without aecting its correct behaviors ( axial anomaly,
fermion propagator, etc. ) in the topologically-trivial gauge sector. Therefore
it is interesting to verify explicitly that it indeed reproduces the continuum
axial anomaly for topologically-trivial gauge backgrounds, as well as to trace
why it could not yield the correct anomaly for a topologically-nontrivial one.
In this paper, we restrict ourselves to the former objective, namely, to calculate
the axial anomaly of this lattice Dirac operator in weak coupling perturbation
theory, for a topologically-trivial gauge background, and show that it recovers






in the continuum limit.
The Ginsparg-Wilson lattice Dirac operator proposed in Ref. [1] is









t2 + w2 + w
)1=2
; t2 = −∑

tt : (3)
Here γt is the naive lattice fermion operator and −w is the Wilson term

























 = 2 ; (7)





2x;y − U(x)x+ˆ;y − U y(y)x−ˆ;y
]
; 0 < c < 2 ; (8)
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where the Dirac, color and flavor indices have been suppressed.
Evidently, the lattice Dirac operator (1) is γ5-hermitian
Dy = γ5Dγ5 ; (9)
and satises the Ginsparg-Wilson relation [2]
Dγ5 + γ5D = 2raDγ5D : (10)
In the free fermion limit, D is exponentially-local, doublers-free, and has
correct continuum behavior [1]. These properties are sucient to guarantee
that D can reproduce correct axial anomaly in a topologically-trivial gauge
background. In the following, we show this in the weak coupling perturbation
theory.
The axial anomaly of a flavor-singlet of Ginsparg-Wilson lattice fermion
can be written as [3]








ei(p−q)x tr[γ5(1I− raD)(p; q)] (11)
where the trace runs over the Dirac, color and flavor space. Now we expand
D in power series of the gauge coupling ( through the link variables )
D = D0 + D1 + D2 + O(g
3) (12)
where Dn denotes the terms containing the factor g
n, the gauge coupling to
the n-th power. Then we have
1I− raD = e0 − e0d1e0 − e0d2e0 + e0d1e0d1e0 + O(g3) (13)
where



























f = f0 + f1 + f2 + O(g
3) ; (17)






Evidently, the rst three terms in the series (13) do not contribute to the
axial anomaly (11), since they only consist of terms with factors less than four
distinct γ matrices, thus they must vanish after taking the trace with γ5 in



















Next we obtain d1 (15) by expanding f and t
 in power series of the gauge




t2 + w2 + w = h0 + h1 + O(g
2) ; (20)
which satises the identity f  f  h = 2c, i.e.,
(f0 + f1 + O(g
2))(f0 + f1 + O(g
2))(h0 + h1 + O(g
2)) = 2c :
To order g, it gives
f0f0h0 = 2c
f1f0h0 + f0f1h0 + f0f0h1 = 0 :










p;k  f0(p)p;k ; (21)





























Here we recall some well-known basic formulas in weak coupling perturba-
tion theory,
t(p; k) = t0 (p)p;k + t

1 (p; k) + O(g
2)















































trf ~A(p− k) ~A(k − q)g
tr[γ5e0(p)d1;(p; k)e0(k)d1;(k; q)e0(q)] (25)
where
e0(p) = 1− raD0(p) = 1
1 + d0(p)
=
1− rf 20 (p)γ  t0(p)












d1;(p; k) = r
[













































In the limit k = p, (29) and (28) reduce to
f1;(p; p) = @f0(p) (30)
d1;(p; p) = @[rf0(p)γ  t0(p)f0(p)] = @d0(p) : (31)
To evaluate the integral in (25), we change the variables p ! p + k and















tr[γ5e0(p + k)d1;(p + k; k)e0(k)d1;(k; q + k)e0(q + k)] :













4 p q  + O(a
3) (33)
which, when substituted into (32), leads to the axial anomaly,
A(x) = g2M(c) ∑

trfF(x)F(x)g ; (34)
where M(c) is a coecient which tends to 1
322
( for 0 < c < 2 ) in the
continuum limit.
We expand G(p; q) in power series of p and q,





















G(p; q)jp;q=0 + O(a3) (35)
It is easy to see that the zeroth order and the rst order terms in (35) vanish,





γγγγ) = 0; (36)
tr(γ5γ















where (26), (27), (31), (36) and (37) have been used. Note that repeated
indices are summed over in Eqs. (38), (42), (43), (46) and (47). Evidently the
integrand in (38) vanishes due to contraction of the completely antisymmetric





(k)c(k) = 0 : (39)
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Hence, we have
G(0; 0) = 0 :










p d1;(p; k)jp=k e0(k) d1;(k; k) e0(k)]
+ tr[γ5 @e0(k) d1;(k; k) e0(k) d1;(k; k) e0(k)]
}
(40)
From (28), it is easy to see that




where each term has one factor of γ matrix, and the explicit expression of h
is not required for our purpose.
Then the rst and the second integrand of (40) both vanish,
tr[γ5 e0(k) γ  h(k) e0(k) @d0(k) e0(k)]
= tr(1I)  c
(k)c(k) b(k) h(k) @d

0(k) = 0 ; (42)
and
tr[γ5 @e0(k) @d0(k) e0(k) @d0(k) e0]













= 0 ; (43)








G(p; q)jp;q=0 = 0 : (44)










tr[γ5 @e0(k) d1;(k; k) e0(k) @

q d1;(k; q)jq=k e0(k)]
+ tr[γ5 e0(k) @

p d1;(p; k)jp=k e0(k) d1;(k; k) @e0(k)]
+ tr[γ5 e0(k) @

p d1;(p; k)jp=k e0(k) @q d1;(k; q)jq=k e0(k)]




Evidently, the rst three integrands are zero, by symmetry. Explicitly, the rst
integrand is equal to
tr[γ5 @e0(k) @d0(k) e0(k) γ  h(k) e0(k)]







+ tr(1I) γ c





= 0 ; (46)
the second integrand is also zero since it has the same form of the rst inte-
grand, and the third integrand is
tr[ γ5 e0(k) γ  h(k) e0(k) γ  h(k) e0(k)]
= tr(1I) γ c
(k)c(k) b(k) h(k) h
γ
(k) = 0 ; (47)
where (26), (27), (31), (41), (36), (37) and (39) have been used.









trf@[γ5e0(k)] @d0(k) e0(k) @d0(k) @e0(k)g : (48)




0 (k)γ5e0(k) = 2γ5e0(k) ; (49)
which, after dierentiation with respect to k, gives
[@e
−1
0 (k)]γ5e0(k) + e
−1
0 (k)γ5[@e0(k)] = 2@[γ5e0(k)] : (50)
Substituting (50) and d0(k) = e
−1
0 (k)− 1 [ from Eq. (14) ] into the integrand
of (48), then the integrand becomes
1
2




trfe−10 (k) γ5 @e0(k) @e−10 (k) e0(k) @e−10 (k) @e0(k)g
which can be further reduced to
−1
2









0 (k) e0(k) = −@e0(k)
e−10 (k) @e0(k) e
−1
0 (k) = −@e−10 (k)
have been used. By symmetry, it is obvious that the contribution of the second






























where the domain of integration is the 4-torus, T4 = ⊗4i=1[−=a; =a], in which
the endpoints ( =a ) in each direction are identied to be the same point.
In the limit a ! 0, T4 ! ⊗4i=1 (−1;1), which is invariant under the trans-
formation
k ! − 1
r2k
;  = 1;    ; 4 ; (53)
for any r 6= 0.




















where the arguments of d0 are K = −(r2k)−1. Note that dk@ is invariant
under the transformation (53).
Therefore, our ansatz of evaluating (54) in the continuum limit is to sub-
stitute d0(K) by d
−1
0 (k) in the integrand of (54), since d0(k) ! ira=k as a ! 0,
and the trace with γ5 picks out four distinct γ matrices, one from each of the







































The integral (55) can be evaluated by rst removing an innitesimal ball
B of radius  from the origin ( k = 0 ) of the 4-torus T4, then performing the
















d4k @trfγ5 h(k) @h−1(k) @h(k) @h−1(k)g (57)
where the @ operation in (57) produces (56), plus three terms which are
symmetric in , , and , respectively, hence neither one of these three
terms contributes to the integral.
Then according to the Gauss theorem, the volume integral over T4 nB can
be expressed as a surface integral on the surface S of the ball B, provided
that the integrand is continuous in T4 n B. The last condition is satised
since h(k) = raD0(k) is analytic, and h(k) 6= 0 ( free of species doublings, for








d3s ntrfγ5 h(k) @h−1(k) @h(k) @h−1(k)g (58)
where n is the -th component of the outward normal vector on the surface




































































where Nf denotes the number of fermion flavors. Note that (60) is independent




; 0 < c < 2 ; (61)
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L r
0.5 1.0 2.0 4.0
16 0.9204 0.9800 0.9848 0.7617
32 0.9810 0.9952 0.9988 0.9907
64 0.9953 0.9988 0.9997 0.9999
128 0.9988 0.9997 0.9999 1.0000
256 0.9997 0.9999 1.0000 1.0000
Table 1: The ratio of the integral I1234 [ Eq. (52) ] to 1=8
2, for lattices of
sizes 164; 324; 644; 1284; 2564, as well as for r = 0:5; 1:0; 2:0; 4:0, respectively.
The lattice spacing a is set to one, and the parameter c [ Eqs. (3) and (8) ] is
xed at 1:0.
and the axial anomaly (34),





 trfF(x)F(x)g : (62)
This completes our perturbative calculation for the axial anomaly of the Ginsparg-
Wilson lattice Dirac operator proposed in Ref. [1], for topologically-trivial
gauge backgrounds.
Several remarks are as follows.
It is obvious that (62) also holds for other T (3) such that D is doublers-





t2 + w2 + w
)
;   1
2
; 0 < c < 2 ; (63)
as proposed in Ref. [1].
It is instructive to examine how well the continuum axial anomaly can be
recovered on a nite lattice, by evaluating the integral I1234 [ Eq. (52) ] as a
numerical sum over the discrete momenta on a nite lattice. In Table 1, the
ratios of I1234 to 1=8
2 are listed for several lattice sizes ( L4 ), as well as for a
range of r [ Eq. (1) ], respectively. Here the lattice spacing a is set to one, and
the value of c [ Eqs. (3) and (8) ] is xed at 1.0. Evidently, the integral I1234
tends to the continuum value 1=82 as L !1, independent of the parameter












0.5 1.0 2.0 4.0
16 1.0000 1.0000 0.9911 0.7565
32 1.0000 1.0000 1.0000 0.9914
64 1.0000 1.0000 1.0000 1.0000
128 1.0000 1.0000 1.0000 1.0000
256 1.0000 1.0000 1.0000 1.0000
Table 2: The ratio of the integral I1234 [ Eq. (52) ] to 1=8
2, for f =
2c=(
p
t2 + w2 + w). Other parameters are the same as those in Table 1.
The results are listed in Table 2, which show that the integral I1234 ( as a
function of lattice size L4 ) approaches the continuum value 1=82 much faster
than that in Table 1. This indicates that (64) may be a better choice than (3),
especially for small lattices.
In general, T may not be in the form T = ftf , then our present per-
turbative calculation may not go through without modications. We refer to
our former derivation [4] for the general case, though some of our interme-
diate steps need further clarications. Note that the coecient of the axial
anomaly, g2=322, is the same for U(1) and SU(n) background gauge elds. So
it can also be determined [6] by imposing a gauge conguration with constant
eld tensors to Lu¨scher’s formula [5] for the axial anomaly of Ginsparg-Wilson
lattice Dirac fermions in a U(1) background gauge eld, provided that D is
topologically-proper. In passing, we also refer to other axial anomaly calcula-
tions [7, 8, 9, 10] for the overlap Dirac operator [11, 12], as well as that in the
original Ginsparg-Wilson paper [2].
Finally, it should be pointed out that even though a Ginsparg-Wilson lat-
tice Dirac operator reproduces the continuum axial anomaly (62) for the trivial
gauge sector, it does not necessarily imply that it possesses topological zero
modes for topologically-nontrivial gauge sectors. If one insists that the topo-
logically zero modes of a lattice Dirac operator are crucial for lattice QCD to
reproduce the low energy hadron phenomenology, then one should assure that
a Ginsparg-Wilson lattice Dirac operator is indeed topologically-proper, before
it could be employed for lattice QCD computations. However, so far, there
does not seem to have compelling experimental evidence that these topological
zero modes are physically relevant, unlike the axial anomaly in the trivial gauge
sector, which accounts for the decay rate of the neutral pion. So there might
be a very slight possibility that lattice QCD with topologically-trivial quarks
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